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Example

I A : adjacency matrix, Aij = 1 if (ij) are connected, zero else

I D : degree matrix D = diag(A1)

D−1A

O
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Sparsity

Real networks are sparse

d ≈ const
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Two solutions

I Non-backtracking matrix1 B ∈ {0, 1}2|E|×2|E|

B(ij),(kl) = δjk(1− δil)

Important theoretical results:
1. Work in the sparse regime
2. Work asymptotically down to the detectability threshold

Only for homogeneous degree distribution

1Krzakala et al, Spectral redemption in clustering sparse networks, PNAS 2013
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The DC-SBM

P(Aij = 1|σi , σj , qi , qj) = qiqj
C (σi , σj)

n

E[q] = 1, E[q2] = Φ, C =

(
cin cout
cout cin

)
, c =

cin + cout

2

Detectability threshold :

α :=
cin − cout√

c
≥ 2√

Φ
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C (σi , σj)

n

E[q] = 1, E[q2] = Φ, C =

(
cin cout
cout cin

)
, c =

cin + cout

2

Detectability threshold3 :

α :=
cin − cout√

c
≥ 2√

Φ

3Gulikers et al. An impossibility result for reconstruction in the degree-corrected stochastic block
model, The Annals of Applied Probability 2018
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Goal

Hr = (r2 − 1)In + D − rA, r ∈ R

Second smallest eigenvector of Hr for:

I Community detection in sparse and heterogeneous networks
I Reach the detectability threshold

Pick the good value of r to:
I Retrieve σ regardless of q
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Tree like approximation

P(σi = σj |Aij = 1) = cin
cin+cout

P(σi 6= σj |Aij = 1) = cout
cin+cout
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The optimal choice or r

What is the informative eigenvector of Hr?

What is r such that : Hrσ ≈ λσ?

E[[((r2−1)In+D−rA)σ]i ] = σi

[
(r2 − 1) + di

(
1− r

cin − cout

cin + cout

)]

ropt = ζ ≡ cin + cout

cin − cout
≡ ζα =

2
√
c

α
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From heuristics arguments...

Ov = 2

(
1
n

n∑
i=1

δσi ,σ̃i −
1
2

)
Explicit expression of the overlap

E[Ov] ' 1
n

n∑
i=1

erf

[√
α2di

8c − 2α2

(
cΦ− ζ2

α

cΦ− 1

)]
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Figure: Simulated versus theoretical overlap for qi distributed according
to a power law. Average over 10 realizations. Both figures : The
following parameters were used: n = 5000, cout = 8, cin = 9→ 61.
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How to estimate ropt = ζα?

From linearisation of BP

Bw = ζαw
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Property

Bw = ζαw → det[Hζα] = 0

Spectrum of Hζα
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The eigenvector

Optimal value r = ζα = cin+cout
cin−cout

Initially proposed value r =
∑

i d
2
i∑

i di
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The eigenvector

Optimal value r = ζα = cin+cout
cin−cout

Initially proposed4 value r =
∑

i d
2
i∑

i di

4Saade et al., Spectral clustering of graphs with the Bethe-Hessian, NIPS 2014.
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k - means

Optimal value r = ζα = cin+cout
cin−cout
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The overlap

Figure: Overlap as a function of α/αc for a power law degree distribution
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More than two classes

Figure: Spectrum of B for 4 classes
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Future steps

I Theoretical support for our findings

I Algorithmic optimization (eigencounts techniques)
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Thank you!
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