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Community detection
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Community detection
Problem position
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Figure: A representation of the dolphin network (Lusseau 2003)
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More formally

Given a graph G(V, ) with |V| = n nodes and k communities,
assign to each node the correct class label.
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More formally

Given a graph G(V, ) with |V| = n nodes and k communities,
assign to each node the correct class label.

The problem
uoIN|os ay |

A representation of the adjacency matrix A; = 0 (black) if i/, j
are not connected and Aj;; = 1 (white) if they are connected
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Community detection

Spectral clustering
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Spectral clustering

Node embedding to low dimensional space
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Spectral clustering

Node embedding to low dimensional space — k-means
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Spectral clustering

Node embedding to low dimensional space — k-means
D = diag(A1)
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Spectral clustering

Node embedding to low dimensional space — k-means
D = diag(A1)
Spectrum of D71A
Dense case: average degree ~ n
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Spectral clustering
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Spectral clustering

Node embedding to low dimensional space — k-means
D = diag(A1)
Spectrum of D71A
Dense case: average degree ~ n
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Spectral clustering

Node embedding to low dimensional space — k-means

D = diag(A1)
Spectrum of D71A
Dense case: average degree ~ n
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Community detection

The generative model
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The degree corrected stochastic block model (DC-SBM)

Dealing with sparsity and heterogeneous degree distributions
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The degree corrected stochastic block model (DC-SBM)

Dealing with sparsity and heterogeneous degree distributions

» n: number of nodes
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The degree corrected stochastic block model (DC-SBM)

Dealing with sparsity and heterogeneous degree distributions
» n: number of nodes

» k = 2: number of communities
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The degree corrected stochastic block model (DC-SBM)

Dealing with sparsity and heterogeneous degree distributions
> n: number of nodes
» k = 2: number of communities
» o; € {—1,1}: label of node i
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The degree corrected stochastic block model (DC-SBM)

Dealing with sparsity and heterogeneous degree distributions
> n: number of nodes
» k = 2: number of communities
» o; € {—1,1}: label of node i
> C= <Cin COUt>: class affinity matrix

Cout GCin
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The degree corrected stochastic block model (DC-SBM)

Dealing with sparsity and heterogeneous degree distributions
> n: number of nodes
» k = 2: number of communities
» o; € {—1,1}: label of node i
> C= <Cin COUt>: class affinity matrix
Cout  Cin

Degree-corrected stochastic block model

Coi,0)
]P’(A,'j = 1’9;,91',0';,0']) = 6’,‘9J' ,'77 !
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Theoretical bounds

Define
> ¢ = Sntfout expected average degree
_ 2
> b =30
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Theoretical bounds

Define
> ¢ = Sntfout expected average degree
_ 2
> b =30

Detectability threshold

_+rivi H Heal — Sin—Cout 2
Non-trivial reconstruction iff* « 7 > 75

1Gulikers et.al., An impossibility result for reconstruction in the degree-corrected stochastic block model
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State of the art

Linearization lhara-Bass

Bayes optimality
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A unified framework
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A unified framework
The non-backtracking matrix
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The non-backtracking matrix

Bijy,(kiy = O (1 = 6ir), ¥ (if), (k) € €7

Imaginary part
o

1 2 3 4 5
Real part
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The non-backtracking matrix

Bijy,(kiy = O (1 = 6ir), ¥ (if), (k) € €7
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The non-backtracking matrix

Bijy,(kiy = O (1 = 6ir), ¥ (if), (k) € €7
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The non-backtracking matrix

Bijy,(kiy = O (1 = 6ir), ¥ (if), (k) € €7

-+ Bulk
« Isolated eigenvalues
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Linearization of BP

BS = (od (1)

Cin T Cou 2y/c
(o = Lo 2ve (2)

Cin — Cout a
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To recap

v Detects communities down to the threshold

Dall’Amico, Spectral clustering - ICASSP 2020

gipsa-lab



To recap

v Detects communities down to the threshold
v An informative eigenvalue inside the bulk of B
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To recap

v Detects communities down to the threshold
v An informative eigenvalue inside the bulk of B
Introduces the parameter (,
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A unified framework

Linearization lhara-Bass

Bg = (ag

Bayes optimality
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A unified framework

The Bethe-Hessian matrix
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The Bethe-Hessian matrix

lhara-Bass formula

Bg = (a8
(2= 1)+ D — (aAlx =0
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The Bethe-Hessian matrix

lhara-Bass formula

Bg = (a8
(2= 1)l,+ D —(uAlx =0

Bethe-Hessian H
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The Bethe-Hessian matrix

lhara-Bass formula

Bg = (.8
(2= 1)l,+ D —(uAlx =0

Bethe-Hessian H

We showed, for all D

[ Elx] = o
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Initially proposed value® r = v/c®
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6Saade (2014) Spectral clustering of graphs with the Bethe Hessian
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To recap

Hc
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v The second smallest eigenvalue is zero and is informative
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To recap

Hc

@

v The second smallest eigenvalue is zero and is informative
v Detects communities down to the threshold
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To recap

Hc

@

v The second smallest eigenvalue is zero and is informative
v Detects communities down to the threshold
v The eigenvector is resilient to the degree distribution
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A unified framework

Linearization lhara-Bass

Bayes optimality
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Regularized Laplacian matrix

LT — D;l/ZAD;l/Z
[ = DA

T T

Where D, = D + 71,.

1 . .
Qin (2013) Regularized spectral clustering under the degree-corrected stochastic blockmodel
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Regularized Laplacian matrix

LT — D;l/ZAD;l/Z
[*Y = DA

Where D, = D + 71,. *Proposed (heuristic) regularization : 7 = c.

1. . . .
Qin (2013) Regularized spectral clustering under the degree-corrected stochastic blockmodel
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Regularized Laplacian matrix

L, = D-Y2AD;1/?
[*Y = DA
Where D, = D + 71,. *Proposed (heuristic) regularization : 7 = c.
From H, to L;
Heox = [(¢3 = 1)l + D = CaAlx =0

[D+ (2 - 1)1, 'Ax = Clx

o

1. . . .
Qin (2013) Regularized spectral clustering under the degree-corrected stochastic blockmodel
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Regularized Laplacian matrix

L, = D-Y2AD;1/?
[*Y = DA
Where D, = D + 71,. *Proposed (heuristic) regularization : 7 = c.
From H, to L;
Heox = [(¢3 = 1)l + D = CaAlx =0

[D+ (2 - 1)1, 'Ax = Clx

o

So
T=(-1<cd-1mc

1. . . .
Qin (2013) Regularized spectral clustering under the degree-corrected stochastic blockmodel
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v Explains why 7 = ¢ is a good choice, in practice
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Irw
-1
v Explains why 7 = ¢ is a good choice, in practice

v 7= (2 — 1: minimal regularization for detection down to
the threshold
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A unified framework

Linearization lhara-Bass

Bayes optimality
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A unified framework

The classical Laplacians

Dall’Amico, Spectral clustering - ICASSP 2020

gipsa-lab



The classical Laplacians

For easy detection problems: (, — 1
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The classical Laplacians

For easy detection problems: (, — 1

(E-1)lh+D—CA —»D-A
[D+ (2 -1, *A— DA
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A unified framework

Linearization lhara-Bass

Bayes optimality

Easy problems
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Performance on real networks

| Dataset [ n [ ¢ [ @[k [[Ag|H/m]| B [ L™ L]
Karate 34 46 | 1.7 | 2 0.37 | 0.37 | 0.37 | 0.37 | 0.37
Dolphins 62 5 13| 2 0.38 | 0.34 | 0.22 | 0.38 | 0.38
Polbooks 105 84 | 14| 3 0.50 | 0.50 | 0.45 | 0.50 | 0.50
Football 115 10.7 1 | 12|/ 0.60 | 0.60 | 0.60 | 0.60 | 0.60

Mail 1133 96 | 19 | 21 | 050 | 0.40 | 0.37 | 0.48 | 0.50
Polblogs 1222 | 274 | 3 2 0.43 | 0.27 | 0.23 | 0.00 | 0.43
Tv 3892 8.9 3 |41 085 | 056 | 055 | 0.55 | 0.78
Facebook 4039 | 43.7 | 24 | 55 || 0.79 | 0.49 | 048 | 0.70 | 0.58
GrQc 4158 65 | 28|29 | 0.80 | 051 | 051 | 0.33 | 0.79
Power grid 4941 27 | 15|25 092 | 033 | 031 | 0.92 | 0.85

Politicians 5008 | 14.1 3 | 62| 085 | 054 | 051 | 0.74 | 0.74
GNutella P2P 6299 66 | 27 | 4 0.40 | 0.14 | 0.14 | 0.00 | 0.35
Wikipedia 7066 | 28.3 | 5.1 | 22 || 0.27 | 0.18 | 0.16 | 0.34 | 0.27
HepPh 11204 | 21.0 | 6.2 | 60 || 0.57 | 0.42 | 0.42 | 0.27 | 0.52
Vip 11565 | 11.6 | 44 | 53 || 0.65 | 0.32 | 0.32 | 0.16 | 0.54
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Conclusion
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Conclusion

Contributions

v A unified framework for spectral clustering in sparse
graphs
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Conclusion

Contributions

v A unified framework for spectral clustering in sparse
graphs
v Sparsity and heterogeneity are properly taken into account
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Conclusion

Contributions

v A unified framework for spectral clustering in sparse
graphs

v Sparsity and heterogeneity are properly taken into account
v Best performing algorithm

Future perspectives

v More structured graphs (time-evolving, multi-modal...)
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Conclusion

Contributions

v A unified framework for spectral clustering in sparse
graphs

v Sparsity and heterogeneity are properly taken into account
v Best performing algorithm

Future perspectives

v More structured graphs (time-evolving, multi-modal...)
v Is hardness-dependent regularization more general? (SSL
kernel methods, weighted graphs...)
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Main references (Dall’Amico, Couillet, Tremblay)

» Optimal Laplacian regularization for sparse spectral community
detection, ICASSP 2020

» A unified framework for spectral clustering in sparse graphs,
arXiv:2003.09198

» Revisiting the Bethe-Hessian: improved community detection in
sparse heterogeneous graphs, NeurlPS 2019.
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Main references (Dall’Amico, Couillet, Tremblay)

» Optimal Laplacian regularization for sparse spectral community
detection, ICASSP 2020

» A unified framework for spectral clustering in sparse graphs,
arXiv:2003.09198

» Revisiting the Bethe-Hessian: improved community detection in
sparse heterogeneous graphs, NeurlPS 2019.

Thank youl
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